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In this paper, the relationship between the filter coefficients and the scaling and wavelet
functions of the Discrete Wavelet Transform is presented and exemplified from a
practical point-of-view. The explanations complement the wavelet theory, that is well
documented in the literature, being important for researchers who work with this tool for
time–frequency analysis.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
There is one intriguing point which is responsible for most of the misunderstandings involving the Discrete Wavelet
Transform (DWT) [1] and its inverse (IDWT): the relationship between filter coefficients and father and mother wavelets,
i.e., the scaling and wavelet functions. The objective of this paper is to provide useful tips to explain such relationships, in
a practical perspective, complementing the DWT theory. The entire discussion is also valid for the Discrete Wavelet-Packet
Transform (DWPT), which extends the decomposition performed by the DWT so that a finer time–frequency analysis can be
implemented, and also to the Discrete Shapelet Transform (DST) [2], which extends the properties of the DWT and DWPT
so that a joint time–frequency–shape signal analysis becomes possible.
2. The practical relationship between filter coefficients and father and mother wavelet functions
The fundamental point to understand the proposed point-of-view is to know that six elements are directly, or indirectly,
involved in the calculation of the DWT of a certain discrete-time signal f[·] of length N . They are:
• the filters h[·] and g[·], of lengthM , which are used to transform f[.] into its DWT, i.e., DWT(f[.]). This pair is called analysis
filter bank;
• the filters h¯[·] and g¯[·], of lengthM , which are used to invert the previous transformation, called synthesis filter bank;• the father wavelet, also known as scaling function, defined recursively as φ(x) =∑k hkφ(2x− k); and• the mother wavelet, also known as wavelet function, defined recursively as ψ(x) =∑k gkφ(2x− k).
The four filters specified above are inter-related to one another as follows: gk = (−1)khM−k−1, h¯k = hM−k−1, and
g¯k = (−1)k+1hk, i.e., they form a perfect-reconstruction filter bank (PRFB) [3]. In addition, the scaling andwavelet functions,
which were defined recursively, form an orthonormal Riesz basis [3] to write f[·]. Thus, the six above-mentioned elements
are inter-related. If one of them is modified, all the others are directly affected.
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Fig. 1. Experiment with the Haar filters. (A): original signal; (B) its third-level DWT; (C): modified third-level DWT; (D): reconstructed signal. Below D:
scaling and wavelet functions. Note the similarity of the reconstructed signal in D with the shapes of such functions. Particularly, D is a combination of
dilations and translations of the scaling and wavelet functions.
Of fundamental importance is the fact that there are two different, but equivalent, approaches to implement a Discrete
Wavelet Transformation. The first one is based only on the scaling and wavelet functions, being explained according to the
concepts of linear algebra. It states thatDWT(f[·]) corresponds to the decomposition of f[.] into vectors of different resolutions,
with the scaling andwavelet functions being used as the corresponding basis. On the other hand, the second approach,which
is more practical, is based on specific signal processing concepts. According to this point-of-view, the DWT(f[·]) consists of
a sequence of filtering operations which allows f[·] to be decomposed in sub-signals with different frequency contents. In
practice, we adopt only this second approach, which is implemented according to Mallat’s algorithm [3], however, the first
one must be clearly understood, otherwise, the complete domain of the DWT concepts will be lost.
Particularly, the fundamental question is: If h[·] and g[·] are the only elements required to obtain DWT(f[·]), and h¯[·] and g¯[·]
are the only elements required to obtain its inverse, why are the scaling and wavelet functions necessary in practice? To answer
this question, the first approach mentioned in the previous paragraph, i.e., the one based on the concepts of linear algebra,
is required. According to it [3],
f (x) =
N
2j
−1−
k=0
< f , φj,k(x) > φj,k(x)+
j−
t=1
N
2j
−1−
k=0
< f , ψt,k(x) > ψt,k(x),
i.e., f[·] canbe reconstructedbasedon a linear combination ofφ(.) andψ(.), jbeing thedecomposition level. Although this fact
is quite important and is well explained in the literature, it is not enough to justify why the use of such functions is necessary
in practice, since the DWT and the IDWT can also be obtained by using only the analysis and synthesis filters, respectively,
as discussed above and according to Mallat’s algorithm. Therefore, the question has not yet been answered satisfactorily.
In order to answer it, we can observe that most part of the applications based on the DWT also requires the IDWT. Image
and audio compression is a good example: the DWT of the original signal is obtained, then, some of its coefficients with
low amplitudes are discarded or modified, and, lastly, the IDWT can be used to revert the process. Since the transformed
signal is modified prior to the application of the IDWT, it is obvious that the reconstructed signal will be only similar to
the original one, i.e., the compression consists of a lossy operation. This modification in the transformed signal is the key.
Particularly, the more the transformed signal is disturbed prior to its reconstruction, the more the reconstructed signal assumes a
shape that corresponds to a combination of the shapes of the scaling and wavelets functions associated with the respective filters.
This sheds some light on why the scaling and wavelet functions are important in practice: we have to know at least their
shapes. In Fig. 1 we can observe a sample signal, its DWT carried out with the Haar filters [3], the modification introduced
in the transformed signal, and, lastly, its IDWT. The shapes of the scaling and wavelet functions associated with the Haar
filters are clearly visible in the reconstructed signal. On the other hand, Fig. 2 shows the same example signal transformed
and inverted with the use of Daubechies-4 filters [3], which has smoother scaling and wavelet functions. Once again, the
shapes of such functions are notable in the resulting signal.
The fruitful discussion presented above allows us to ask onemore question:Which wavelet should I use in my project? The
answer is: if your application does not need the IDWT, then, the decision can be based on the frequency and phase responses
of h[·] and g[·] only, otherwise, the shapes of φ(.) andψ(.) associated with such filters, which can be consulted, for example,
in [4], must be taken into account. Depending on the specific application, the distortion introduced in the reconstructed
signal, by the shapes of φ(.) and ψ(.), may be prohibitive and, therefore, a mandatory criterion for the choice.
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Fig. 2. Experiment with Daubechies-4 filters. (A): original signal; (B) its third-level DWT; (C): modified third-level DWT; (D): reconstructed signal. Below
D: scaling and wavelet functions. Note the similarity of the reconstructed signal in D with the shapes of such functions. Particularly, D is a combination of
dilations and translations of the scaling and wavelet functions.
3. Conclusions
This letter explained the equivalence between DWT filter coefficients and the associated scaling and wavelet functions,
in a practical perspective. The information presented can certainly help young students and experienced researchers to use
this important tool for time–frequency analysis in a more convenient way.
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